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XXVII. On Fermat's Theorem. By H. F. TALBOT, Esq., F.R.S., &c.

(Read 7th April 1856.)

It is well known that no satisfactory demonstration has ever been given of
FERMAT'S celebrated theorem, which asserts that the equation an=bn + cn is impos-
sible, if a, b, c, are whole numbers, and n is any whole number greater than 2.
In LEGENDRE's Theorie des Nombres, he demonstrates the cases of n=3, n=4, and
w=5, the latter only in his Second Supplement. In CRELLE'S MathematicalJour-
nal, ix. 390, M. DIRICHLET, a mathematician of Berlin, has demonstrated the case
of w=14, but I am not aware whether his demonstration is considered successful.
LEGENDRE informs us (Second Supplement, p. 3) that the Academy of Sciences,
with the view of doing honour to the memory of FERMAT, proposed, as the sub-
ject of one of its mathematical prizes, the demonstration of this theorem; but
the Concourse, though prolonged beyond the usual term, produced no result.

It is a remarkable circumstance, however, that FERMAT himself was in pos-
session of the demonstration, or at least believed himself to be so, and he describes
his demonstration as being a wonderful one—mirabilem sane* He does not say that
the theorem itself is wonderful, but his demonstration of i t ; from which I think
it likely that he meant to say that it was very remarkable for its shortness and
simplicity.

Since, however, subsequent mathematicians have failed to discover any de-
monstration, much less an extremely simple one, of this celebrated theorem, it
has been surmised that FERMAT deceived himself in this matter, and that his
demonstration, if it had been preserved to us, would have proved unsatisfactory.
LEGENDRE says, " FERMAT a pu se meprendre sur l'exactitude ou la generalite de
sa demonstration."

Nevertheless, in considering this question attentively, I have found that there
is one case in which FERMAT'S theorem admits of a singularly simple demonstra-
tion ; and as I do not find it noticed in any mathematical work to which I have
been able to refer, I think it worthy of being brought under the notice of mathe-
maticians. It may possibly prove to be a step in the right direction towards the
recovery of FERMAT'S lost demonstration. It is, moreover, in itself a very ex-
tended and remarkable theorem, although less so than that of FERMAT.

* " Cubum autem in duos cubos aut quadrato-quadratum in duos quadrato-quadratos et gene-
raliter nullam in infinitum, ultra quadratura, potestatem in duos ejusdem nominis fas est dividere.
Cujus rei demonstrationem mirabilem sane detexi. Hanc marginis exiguitas non caperet."—FERMAT,
Notes sur Diophante, p. 61.
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The case which admits of this simple demonstration, is that in which one of
the three numbers a, b, c, is a prime number; and it divides itself into the two
following theorems:—

Let a be any prime number, then,
Theorem I. If n is any odd number greater than 1, the equation a

n=bn + cn is
impossible.

Theorem II. If n is any number, odd or even, greater than 1, the equation
<('- = b"-cn is impossible.

But Theorem II. admits a case of exception, viz., that whenever b—c=l9 the
theorem remains undemonstrated. When n=2, this case of exception actually
occurs, because a2=b2-c2 is possible, although a be a prime number. For ex-
ample, when a=S, 32 = 52-42.

Such a case of exception, however, does not occur when w=3, or w=4, or,
n = 5, as LEGENDRE has demonstrated. But that is no reason why it should not
occur with other values of n. And therefore it appears that the generality of
FERMAT'S theorem is assailable in this direction; a fact which deserves the atten-
tion of mathematicians, especially as FERMAT himself does not appear to have
adverted to it.

In order to demonstrate these propositions, I will recall to mind some of the
leading principles of the Theory of Numbers.

1. If a prime number does not divide either of the whole numbers A or B, it
does not divide their product AB. LEGENDRE, p. 3, gives a very rigorous demon-
stration of this important theorem.

2. When a number has been divided into its prime factors, it cannot be
divided into other prime factors different from the first ones.

3. The product of any number of primes, cannot be equal to the product of
any number of other primes different from the first ones.

And here it may be observed, that although these products cannot be equal,
nothing prevents them from approximating as closely as possible to equality,
/. e., differing by a single unit. For example, the product of the

three primes 7 x 17 x 83 = 9877

that of 2 x 11 x 449 = 9878

that of 3 x 37 x 89 = 9879.

These things being premised, we may proceed as follows:—

Dem oust ration of Theorem I.

Let us suppose, if possible, a-=bH + c\ Then because n is an odd number.
/," + c is divisible by b + c. Let the quotient be Q. Therefore an=~b + ~c . Q, Now
since a is prime, the first side of the equation is the product of the n factors
,cxaxa x kc. Consequently the second side of the equation is the product of
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tin the same n factors. And it cannot possibly have any other. Therefore, since it
has the factor b + c, this factor must itself be either = a, or divisible by a.

But we shall now proceed to show that b + c cannot possibly be divisible by a,
and therefore the original hypothesis, viz., that a'•=&* + c", must be impossible.

In order to show this, we will first observe that (& + <?)* is greater than bn + cn,

since it exceeds it by the quantity n bn~le + n ' n~ bn~2 c2 + &c.

But 6* + c"=a" by hypothesis.

.*. b + cf ^> a\ and b + c^>a.

On the other hand, since evidently

b < a and c < a, b + c

But since b + c is greater than a and less than 2 a, it cannot possibly be divisible by
a. Which was to be shown. And it therefore follows that the equation aK = bn + cn is

impossible, if n is an odd number ^> l, always supposing, however, that a is a
prime number.

Demonstration of Theorem II .

Let us suppose, if possible, that a
n=bn-c'. Then since bn-c is always divi-

sible by 6-c, let the quotient be Q. Therefore a
n=b-c . Q. Now since a is a

prime number, the first side of this equation is the product of the n factors
axaxax &C.

Consequently the second side of the equation is the product of the same n fac-
tors, and it cannot possibly have any other. Therefore, since it has the factor
6—c, this factor must itself be either = a or divisible by a. But, on the other
hand, it can be shown, as follows, that it is not divisible by a.

Since an=bn-c% therefore b*=aH + cH, and b is the greatest of the three numbers.

Now since a + c\n^>an + c", and an + cw=b% .-. a + c\l^>bn, and a + c^>6, and

Since, therefore a is greater than b—c, it cannot possibly divide it. And there-
fore the original hypothesis that an=V-cn is impossible, if n is any number

^> 1, always, however, on the supposition that a is prime.
But in reviewing this demonstration, we find a case of exception; for it will

be seen that we assert that b-c can have no factor different from a. This is cor-
rect in one sense, but not so in another, since it may have the factor unity, which
is usually disregarded, though it is here a consideration of the greatest import-
ance. And since we have shown that b-c cannot have either the factor a or any
other factor, it follows that it can have no factor except unity, that is to say, it
must be itself equal to unity, and can have no other value.

The above two theorems form together a conclusive demonstration of FEK-
AIAT'S theorem, in the case of a prime number.
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Extension of FERMAT'S Theorem.

Always supposing that a is a prime number, and that b—c is greater than
unity, the theorem afl=Z>n-c" (impossible), maybe extended to a much more ge-
neral theorem, viz., that aa=bn-e is impossible, provided that m is less than n.

Demonstration. Let am=k'\ where we no longer suppose k to be an integer.
Therefore since mSn, a must be greater than k. But kn=bn—cn by hypothesis;
therefore bn=cn + h\ which is less thancT&f; therefore b is less than c + h and
b - c is less than k. A fortiori, b — c is less than a.

But in the given equation a
m=bn-cn, since a is prime, and b—c divides bn—c%

therefore b-c=a, or else is divisible by a, a number which we have shown to be
greater than itself, which is impossible. Therefore am=btt—cn is impossible un-
less m >̂ n. But if m^>n, it is possible.

Example. 33=62-32, where a is prime and b—c greater than 1, but m\n.

By an analogous method we obtain the extended theorem No. II.
If n is an odd number, am=bn + cn is impossible, provided that a is prime, and

m <̂  n.
We have hitherto supposed a to be prime, whereas FERMAT'S theorem has no

such limitation; it remains, therefore, to enquire how far the present extended
theorems are true when a is not a prime number.

In conclusion, we may oberve that the ancients themselves had discovered the
possibility of the equation a2 = b2 + c2.

But from what precedes, we may deduce the following theorems concerning it.
1. If a2 — b2 + c2, and c is a prime number, then a-b is always =1.
2. If a2 = b2 + c2, b and c cannot both be prime numbers. For because c is prime,

it follows that b=a — l.
And because b is prime, therefore c = a - l , therefore b=c, and a2=2 b2.
But this is impossible, since one square cannot be double of another, in integer

numbers.
Examples. 52=42 + 32, and 3 being prime, we have 5 -4=1 .
Again, 132 = 122 + 52, and 5 being prime, we have 13-12 = 1.
Again, 252=242 + 72, and 7 being prime, we have 25-24 = 1.
The converse, however, is not true. For if a2=z>2

+c
2, and a-b=l, it by no

means follows that either b or c is a prime. For example, 2212=2202 + 212, none
of which numbers are primes.




